Abstract. We prove boundedness of global strong (δ, n)-complements for generalized ǫ-log canonical pairs of Fano type. We also prove some partial results towards boundedness of local strong (δ, n)-complements for semi-stable morphisms. As applications, we prove an effective generalized canonical bundle formula for generalized klt pairs and an effective generalized adjunction formula for exceptional generalized log canonical centers. Moreover, we prove that the existence of strong (δ, n)-complements implies a conjecture due to M c Kernan concerning the singularities of the base of a Mori fiber space.
Introduction
The theory of complements was introduced by Shokurov in [Sho92] to study 3-fold log flips. This technique applies to the analysis of contractions of normal varieties X → Z with X Fano over a neighborhood of Z. Given a point z ∈ Z with X ǫ-log canonical over z, it is predicted that there exist a positive integer n and a non-negative real number δ, both depending only on dim(X) and ǫ, such that the linear system | − nK X | contains an element Γ with (X, Γ/n) δ-log canonical over z. This conjecture is known as boundedness of strong (δ, n)-complements in dimension d. It is expected that we can take δ = ǫ [Bir04, Conjecture 1.1.3]. In the above setting, the case ǫ = δ = 0 (resp. ǫ ≥ δ > 0) corresponds to the study of log canonical complements (resp. klt complements). If Z is the spectrum of an algebraically closed field of characteristic zero, we say that we are in the global setting; otherwise, we say that we are in the local setting.
In [Sho00] , Shokurov introduced more general forms of complements for log pairs and he proved the existence of bounded (0, n)-complements for surfaces. Then, Prokhorov proved boundedness of (0, n)-complements for threefold extremal contractions and threefold conic fibrations [Pro00, Pro01] . In [PS01] , Prokhorov and Shokurov proved that boundedness of (0, n)-complements in the local setting in dimension d follows from the minimal model program in dimension d and the existence of bounded global (0, n)-complements in dimension d − 1. In [Bir04] , Birkar proved the existence of bounded (δ, n)-complements for surfaces. Kudryavtsev used the theory of complements to study log del Pezzo surfaces with no discrepancy less than − 6 7 [Kud04] , and Kudryavtsev and Fedorov classified non Q-complemented surfaces [KF04] .
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In [PS09] , Prokhorov and Shokurov proved that boundedness of (0, n)-complements follows from the conjecture of effective adjunction and the Borisov-Alexeev-Borisov conjecture (or BAB conjecture for short).
Finally, boundedness of strong (0, n)-complements for log canonical pairs was solved by Birkar [Bir16b, Theorem 1.8]. This is an essential technique in the proof of the BAB conjecture [Bir16c, Theorem 1.1]. In this paper, we conjecture the following version of boundedness of strong (δ, n)-complements for generalized pairs:
Conjecture 1.1. Let d and p be two natural numbers, ǫ a non-negative real number and Λ ⊂ Q a set satisfying the descending chain condition with rational accumulation points. There exist a natural number n and a non-negative real number δ only depending on d, p, ǫ and Λ satisfying the following. Let X → Z be a contraction between normal quasi-projective varieties, (X, B + M ) be a generalized ǫ-log canonical pair of dimension d such that
• −(K X + B + M ) is nef over Z;
• X is of Fano type over Z;
• coeff(B) ⊂ Λ; and • pM ′ is Cartier.
Then, for every point z ∈ Z there exists a strong (δ, n)-complement for (X, B + M ) over z.
In We prove the statement of the conjecture in the local setting for generalized log canonical pairs. This is a generalization of [Bir16b, Theorem 1.8] to the setting of generalized pairs. Using techniques introduced by Birkar in [Bir16b] to prove boundedness of (0, n)-complements and boundedness of Fano varieties [Bir16c, Theorem 1.1], we prove the global version of Conjecture 1.1: Theorem 1.3. Conjecture 1.1 holds if Z = Spec(k), where k is an algebraically closed field of characteristic zero, in the following cases:
• M ′ is trivial; and • Λ is finite. Moreover, in both cases we can take δ = ǫ.
The third theorem of this paper is a partial result towards boundedness of local strong (δ, n)-complements. The main techniques involved in the proof of this statement are the theory of semi-stable families and the theory of local log canonical complements. Theorem 1.4. Let m be a positive integer and ǫ a positive real number. Then, Conjecture 1.1 holds if Λ is finite, M ′ is trivial, mK Z is Cartier and X → Z is a semi-stable morphism for the pair (X, B). Moreover, we can take δ > 0 depending on m and the setup of Conjecture 1.1. Now, we turn to discuss some applications of the main theorems. The first application is related to the canonical bundle formula and adjunction formula for generalized pairs. Generalized divisorial adjunction was introduced in [BZ16, Bir16b] and then generalized to centers of higher codimension in [Fil18] . However, in the latter case it is not known how to control the coefficients of the induced generalized pair. Our first result in this direction is an effective version of the generalized canonical bundle formula: Theorem 1.5. Let d and p be two natural numbers and Λ ⊂ Q be a set satisfying the descending chain condition with rational accumulation points. Then, there exist a natural number q and a set Ω ⊂ Q satisfying the descending chain condition with rational accumulation points, only depending on d, p and Λ, satisfying the following. Let f : X → Z be a contraction between normal quasi-projective varieties, (X, B + M ) be a generalized log canonical pair of dimension d such that
• (X, B + M ) is generalized klt over the generic point of Z; • X is of Fano type over a non-trivial open set U of Z;
Then there exists a generalized log canonical pair (Z, B Z + M Z ) on Z, so that The second result in this direction is an effective version of generalized adjunction to exceptional generalized log canonical centers: Corollary 1.7. Let d and p be two natural numbers and Λ ⊂ Q be a set satisfying the descending chain condition with rational accumulation points. Then, there exist a natural number q and a set Ω ⊂ Q satisfying the descending chain condition with rational accumulation points, only depending on d, p and Λ, satisfying the following. Let (X, B + M ) be a generalized log canonical pair of dimension d such that
• W ⊂ X is an exceptional generalized log canonical center of (X, B + M );
Then there exists a generalized pair (W, B W + M W ) on W , so that Finally, we discuss the relation between existence of klt complements and a conjecture due to M c Kernan concerning the singularities of the base of a Mori fiber space [Bir17, Conjecture 6.2].
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Preliminary results
Throughout this paper we work over an algebraically closed field k of characteristic zero. In this section we will collect some definitions and preliminary results which will be used in this paper.
2.1. Contractions. In this paper a contraction is a projective morphism of quasi-projective varieties f :
2.2. Divisors and linear series. Let X be a normal quasi-projective variety. We say that D is a divisor on X if it is a Q-Weil divisor, i.e. D is a finite sum of prime divisors on X with coefficients in Q. Let f : X → Z be a projective morphism of quasi-projective varieties. Let D 1 and D 2 be divisors on X. We write
Equivalently, we may also write D 1 ∼ D 2 over Z. The case of Q-linear equivalence is also denoted similarly. Let z be a point in Z. We write D 1 ∼ D 2 over z if D 1 ∼ Z D 2 holds after possibly shrinking Z around z. We also make use of the analogous notion for Q-linear equivalence.
Definition 2.1. Let f : X → Z be a projective morphism of quasi-projective varieties and D an integral Weil divisor on X. Fix a (not necessarily closed) point z ∈ Z. We want to define an appropriate notion of general element of |O X (D)| over z. Without loss of generality, we may take projective closures of Z and X, and assume that they are projective varieties. Let U = Spec(A) ⊂ Z be an affine open subset containing z, and write X U := f −1 (U ). Let H be an ample and effective Cartier divisor supported on Z \ U . In particular, we have H| U ∼ 0. Now, H 0 (X U , O XU (D| U )) is a finitely generated A-module [Har77, Theorem II.5.19]. Therefore, for any section
Hence, when we refer to a general element of |O X (D)| over z, we mean a general element of the linear system
2.3. Generalized pairs and singularities. In this subsection, we recall the definition of generalized pairs (see, e.g. [BZ16] ), which is a generalization of the classic setting of log pairs (see, e.g. [KM98] ). We will prove some basic properties regarding singularities of generalized pairs.
Definition 2.2. A generalized sub-pair is a triple (X, B + M ), where X is a normal quasi-projective variety, K X + B + M is a Q-Cartier divisor and M is the push-forward of a nef divisor on a higher model of X. More precisely, there exist a projective birational morphism π :
If B is an effective divisor, we will say that (X, B + M ) is a generalized pair. In the above situation, we usually call B the boundary part, M the moduli part and B + M a generalized boundary. We may say that (X, B + M ) is a generalized pair with data X ′ and M ′ . The divisor M ′ induces a birational divisor that descends on X ′ in the sense of [Cor07, Secion 1.7]. Hence, we can always replace X ′ with a higher birational model and M ′ with its pull-back without changing the generalized pair.
Replacing X ′ with a higher birational model, we may assume that the exceptional locus of π is purely of codimension one and that the sum of the strict transform of B on X ′ and the reduced exceptional divisor of π is a divisor with simple normal crossing support. Under these assumptions, we may write
where B ′ is the sum of the strict transform of B and a divisor with support in the exceptional locus of π. We will say that the generalized pair (X, B + M ) has generalized ǫ-log canonical singularities if the coefficients of B ′ are less than or equal to 1 − ǫ, for some ǫ ≥ 0. If ǫ = 0, we omit it from the notation.
Definition 2.3. Let (X, B + M ) be a generalized pair and π : Y → X a projective birational morphism factoring through X ′ . Then, we may write
where M Y is the pull-back of M ′ on Y . Given a prime divisor E on Y , we define the generalized log discrepancy of (X, B + M ) with respect to E to be
If the generalized discrepancy of (X, B + M ) at E is ǫ, we say that E is an ǫ-log canonical place for the generalized pair, and π(E) ⊂ X is an ǫ-log canonical center for the generalized pair. If a E (X, B + M ) ≥ 0, we say that E is a generalized non-klt place for (X, B + M ), and π(E) is a generalized non-klt center for (X, B + M ).
Definition 2.4. We say that (X, B + M ) is generalized dlt if (X, B) is dlt and every generalized non-klt center of (X, B + M ) is a non-klt center of (X, B). If, in addition, every connected component of ⌊B⌋ is irreducible, we say that (X, B + M ) is generalized plt.
Definition 2.5. Let (X, B + M ) be a generalized pair and P + N a generalized boundary on X, with P the boundary part and N the moduli part. Assume that the Weil divisor P + N is Q-Cartier. We define the generalized log canonical threshold of K X + B + M with respect to P + N to be
where (X, B + M + t(P + N )) is considered as a generalized pair with boundary part B + tP and moduli part M + tN . If the above set is empty, then we define the generaliezd log canonical threshold to be −∞. Observe that glct(K X + B + M | P + N ) is non-negative provided that K X + B + M is generalized log canonical. Moreover, glct(K X + B + M | P + N ) is infinite if and only if N descends to X and P is trivial.
Remark 2.6. Given a natural number p, a set Λ of rational numbers satisfying the descending chain condition and a normal quasi-projective variety X, we denote by GB(X) p,Λ the set of generalized boundaries B + M on X so that pM ′ , coeff(B) ⊂ Λ, and B + M is Q-Cartier. In [BZ16, Theorem 1.5], Birkar and Zhang proved a version of the ascending chain condition for generalized log canonical thresholds. In particular, [BZ16, Theorem 1.5] implies that the set
, and dim(X) = d} satisfies the ascending chain condition. This is the version of ACC for generalized log canonical thresholds that we will use in this article.
2.4. Bounded families of generalized pairs. In this subsection, we will recall the concept of bounded families of pairs and introduce the concept of bounded families of generalized pairs. Definition 2.7. A couple (X, D) is the datum of a normal projective variety X and a divisor D on X whose coefficients are all equal to one. A set of couples Q is said to be log bounded if there exists finitely many morphisms X i → T i of varieties and reduced divisors B i on X i so that for every couple (X, D) ∈ Q there exist an i, a closed point t ∈ T i and an isomorphism φ :
is a couple and φ
In what follows, we may omit i if it does not play a role in the argument. We say that X → T is a bounding family for Q and B ⊂ X is a bounding divisor for the set of divisors {D | (X, D) ∈ Q}.
A set P of generalized pairs is said to be generalized log bounded if there exists a log bounded set of couples Q so that for each (X, B + M ) ∈ P we can write M ∼ Q ∆ 1 − ∆ 2 , where ∆ 1 and ∆ 2 are effective Q-divisors, and (X, Supp(B + ∆ 1 + ∆ 2 )) ∈ Q. If a set of generalized pairs P is generalized log bounded and M ′ = 0 for every (X, B + M ) ∈ P, we just say it is log bounded, and if moreover B = 0 for every (X, B + M ) ∈ P we say it is bounded.
Lemma 2.8. Let d be a natural number and ǫ be a positive real number. Then the projective varieties X such that
• (X, B + M ) is a generalized ǫ-log canonical pair of dimension d for some B and M ′ ; and • −(K X + B + M ) is nef and big form a bounded family.
Proof. Let (X, B + M ) be as in the statement, and let π : X ′ → X be a higher birational model where M ′ descends. Then, we have that (X ′ , B ′ ) is an ǫ-log canonical sub-pair. Fix a rational number 0 < α < 1. Then, the divisor
is anti-nef and anti-big. Since
is nef and big. Therefore, there exists an effective Q-divisor E ′ such that 
is an ǫ 2 -log canonical pair. Indeed, by construction B + A k + E k is effective, and the sub-pair (
Thus, we have that the pair (X, B + A k + E k ) is weak log Fano. By [Bir16c, Theorem 1.1], the X as in the statement belong to a bounded family.
The following statement is a generalization of Lemma 2.8 that allows us to put the generalized pairs (X, B + M ) as in the statement of Lemma 2.8 in a generalized log bounded family.
Theorem 2.9. Let d and p be two natural numbers, ǫ a positive real number, and Λ ⊂ Q be a set satisfying the descending chain condition with rational accumulation points. Let P be the set of generalized pairs (X, B + M ) such that:
• (X, B + M ) is generalized ǫ-log canonical of dimension d;
• −(K X + B + M ) is nef and big;
Then P is generalized log bounded.
The following is a consequence of the proof of [HX15, Proposition 2.4]. We include a proof for the reader's convenience.
Proposition 2.10. Let {(X i , B i )} i≥1 be a sequence of ǫ-log canonical Q-factorial pairs. Assume that there exist a projective morphism π : X → T to a variety of finite type, a divisor B on X and a dense sequence of closed points t i on T so that (X i , B i ) ∼ = (X i , B i ) as pairs, where X i := X ti , and B i := B| Xt i . Then, there exist a birational morphism f : X ′ → X , a divisor B ′ on X ′ and a dense open set U ⊂ T such that:
is a Q-factorial klt pair, with f * B ′ = B; and • f is small over U . In particular, we have (X
Proof. We follow the proof of [HX15, Proposition 2.4]. Fix a rational number 0 < ǫ ′ < ǫ. Up to shrinking T , there is a log resolution g : Y → X of (X , B) such that (Y, g −1 * B + E) is log smooth over T , where E denotes the reduced exceptional divisor for g. We run a (
, it terminates with a minimal model f :
Observe that the divisor
is nef over X , so is Since all the restrictions f i are small, no f -exceptional divisor dominates T . Therefore, up to shrinking T , we may assume that f is small. Thus, we have that
2.5. Theory of complements. In this subsection, we give the basic definitions related to the theory of complements. We will start by defining varieties of relative Fano type, which is the class of varieties of interest for this work.
Definition 2.11. Let X → Z be a projective morphism between quasi-projective varieties. We say that X is of Fano type over Z, if there exists a boundary B on X such that (X, B) is a klt pair and −(K X + B) is big and nef over Z. It is known that if X is of Fano type over Z, then any minimal model program over Z for a divisor D on X terminates [BCHM10, Corollary 1.3.2].
Definition 2.12. Let (X, B + M ) be an ǫ-log canonical generalized pair and X → Z a contraction of normal quasi-projective varieties. We say that the divisor B + is a weak (δ, n)-complement over z ∈ Z if the following conditions hold:
is a δ-log canonical generalized pair with boundary part B + , • n(K X + B + + M ) ∼ 0 holds over some neighborhood of z, and • nB + ≥ n⌊B⌋ + ⌊(n + 1) {B}⌋ holds over some neighborhood of z.
If nB + ≥ nB, then we say that B + is a strong (δ, n)-complement.
Lemma 2.13. Let d and p be natural numbers, ǫ a positive real number and Λ ⊂ [0, 1] a finite set of rational numbers. Then there is a natural number n depending only on d, p, ǫ and Λ such that the following holds.
Assume that (X, B + M ) is a projective generalized ǫ-log canonical pair of dimension d such that:
• X is of Fano type;
• coeff(B) ⊂ Λ;
• pM is an integral divisor; and
Proof. We claim that the varieties X as in the statement form a bounded family. Indeed, since X is of Fano type we can find a boundary divisor Γ on X so that (X, Γ) is klt and −(K X + Γ) is nef and big. Therefore, we conclude that the generalized pair
2 -generalized log canonical and − K X + B + Γ 2 + M 2 is nef and big. Hence, by Lemma 2.8 we know that the varieties X belongs to a bounded family.
Therefore, for any such X there is a very ample Cartier divisor A such that A d ≤ r and A d−1 · (−K X ) ≤ r for some fixed number r. Since B ≥ 0 and M is the push-forward of a nef divisor, it follows that
Since K X + B + M has bounded Weil index c depending just on Λ and p, up to replacing r by cr, we may also assume that A d−1 · (−cK X − cB − cM ) ≤ r. By [Bir16b, Lemma 2.25], K X + B + M has bounded Cartier index, which we will denote by a. Thus, we can apply the effective basepoint-free theorem [Kol93, Theorem 1.1] for the Cartier divisor a(K X + B + M ) on the klt pair (X, Γ), since the Q-Cartier divisor
is nef and big. Thus, there is a uniform positive integer n, divisible by a, such that | − n(K X + B + M )| is basepoint-free. Without loss of generality, we may assume that n ≥ (1
Proposition 2.14. Let Λ ⊂ [0, 1] be a finite set of rational numbers, p and n a positive integers and ǫ ≥ 0 a rational number. Let P be a set of generalized pairs (X, B + M ) such that
• coeff(B) ⊂ Λ, and pM ′ is Cartier; • there is a contraction X → Z, with X of Fano type over Z; and • (X, B + M ) admits a strong (ǫ, n)-complement over any point z ∈ Z. Then, for any sufficiently divisible positive integer m, depending on P, in the above setup any (X, B+M ) ∈ P admits a strong (ǫ, mn)-complement B + with
Proof. Let m be a positive integer such that mR ⊂ N and p|m. Fix (X, B + M ) ∈ P, and let B + be a strong (ǫ, n)-complement as in the statement. Since B + ≥ B, it is automatically a strong (ǫ, mn)-complement. We may assume that Z is affine. Therefore, we have mn(
In particular, the right hand side of (2.1) is Cartier. By Definition 2.1, we can regard mn(B + − B) as an element of | − mn(K X + B + M )| over z as an element of a linear series on a projective closure of X. Thus, by [KM98, Corollary 2.33], for a general choice of E in the same linear series, the singularities of (X, B + E mn + M ) are not worse than the ones of (X, B + + M ). Hence, the claim follows.
2.6. Examples of complements. In this subsection, we give some examples of complements. In particular, we show that the conditions of Conjecture 1.1 are necessary for the existence of strong complements.
Example 2.15. Let {α i } i≥1 be a strictly increasing sequence of rational numbers with lim i→+∞ α i = √ 2 2 . Similarly, let {β i } i≥1 be a strictly increasing sequence of rational numbers with lim
Then, Λ is a set of rational numbers satisfying the descending chain condition. Notice that the accumulation points are not rational.
Fix four distinct closed points P, Q, R, S ∈ P 1 . Consider the sequence of boudaries
We will show that (P 1 , ∆ i ) does not admit bounded strong log canonical complement.
Fix n ∈ N. Then, for i ≫ 1 we have
2 . Similarly, we have
2 . Therefore, there exists no Γ ≥ ∆ i such that nΓ in integral and deg Γ = 2. In particular, there exists no strong (0, n)-complement for (P 1 , ∆ i ).
Example 2.16.
Notice that Λ is a set satisfying the descending chain condition, and that all of the accumulation points are rational.
Fix three distinct closed points P, Q, R ∈ P 1 , and define boundaries ∆ i :=
We will show that (P 1 , ∆ i ) does not admit bounded strong log canonical complements.
Fix n ∈ N. Then, for i > n we have
2 )R. In particular, we have deg Γ > 2. Hence, there exists no strong (0, n)-complement
Example 2.17.
Define boundaries
Fix n ∈ N. Then, for i ≫ 1 we have deg
Example 2.18.
2 }. Fix four distinct closed points P, Q, R, S ∈ P 1 . Then, set
2 (R + S)). The pair (P 1 , ∆) is log canonical, −(K P 1 + ∆) is nef and P 1 is Fano. Since deg ∆ = 2, (X, ∆) does not admit a strong (0, n)-complement for any n ∈ N.
The above examples show that, to develop a theory of bounded strong complements, we need to fix a set of coefficients Λ satisfying the descending chain condition. Furthermore, if Λ is infinite, we need Λ ⊂ Q.
From our examples, it is unclear whether we should expect boundedness of strong klt complements for a fixed finite set Λ with Λ ⊂ Q.
2.7. Semi-stable families. In this subsection, we recall some properties about semi-stable morphisms for pairs. We refer to [Kol13, Definition-Lemma 5.10] for the definition of semi-log canonical pair. Let (X, B) be a pair, and let f : X → Z be a flat, projective and surjective morphism of quasi-projective varieties. We say that f : (X, B) → Z is a semi-stable family of semi-log canonical pairs is the following conditions are satisfied:
• Supp(B) avoids the generic and codimension one singular points of every fiber;
• K X/Z + B is Q-Cartier, where K X/Z denotes the relative canonical divisor; and • X z is reduced and (X z , B z ) is a connected semi-log canonical pair for all z ∈ Z. Equivalently, we say that f : X → Z is a semi-stable morphism for the pair (X, B). In case B = 0, we just say that f : X → Z is a semi-stable morphism.
Proposition 2.19. Let f : X → Z be a semi-stable morphism of normal varieties. Let π :
Proof. Write g : X ′ → Z ′ and ψ : X ′ → X for the induced morphisms. Let I ⊂ O Z be the ideal sheaf corresponding to π [Har77, Theorem II.7.17]. Then, since f is flat, ψ is induced by the blow-up of the ideal sheaf f −1 I ⊂ O X . In particular, X ′ is an irreducible variety [Har77, Proposition II.7.16]. Since f is semi-stable, it is an S 2 morphism [Gro65, Définition 6.8.1]. Then, by base change we have that g is an S 2 morpshism [Gro65, Proposition 6.8.2]. Therefore, since g is S 2 and Z ′ is normal, we conclude that
We are left with showing that X ′ is R 1 . Notice that the general fiber of g is normal. Therefore, there is a closed subset W := {x ∈ X|X f (x) not normal at x} ⊂ X that contains no fiber and that does not dominate Z. Write W ′ := ψ −1 (W ). Then, W ′ has the same property, and therefore codim
2.8. Generalized canonical bundle formula. In this subsection, we recall the construction of the generalized canonical bundle formula introduced in [Fil18] . Let (X, B + M ) be a generalized sub-pair, and let f : X → Z be a contraction where dim Z > 0. Assume that (X, B + M ) is sub-log canonical over the generic point of Z and that
Hence, we can write
Now, letX andZ be higher birational models of X ′ and Z ′ respectively, and assume we have a commutative diagram of morphisms as followsX
We denote by (X,B +M ) the trace of the generalized sub-pair (X, B + M ) onX. Furthermore, set LZ := ψ * L Z . With this piece of data, we can define divisors BZ and MZ such that
In this way, Weil b-divisors B Z ′ and M Z ′ are defined. We write B Z ′ ,Z and M Z ′ ,Z for the traces of B Z ′ and M Z ′ on any higher modelZ.
In this setup, we have the following theorem, referred to as generalized canonical bundle formula.
2.9. Generalized adjunction. In this subsection, we recall how to define adjunction for generalized pairs. Let (X, B + M ) be a generalized pair, and let S ⊂ X be a prime divisor in the support of ⌊B⌋. Denote by S ν the normalization of S. Then, consider a log resolution π :
as a generalized sub-pair. Then, let ρ : S ′ → S ν be the induced morphism, and set B S ν := ρ * B S ′ and M S ν := ρ * M S ′ . In this way, (S ν , B S ν + M S ν ) becomes a generalized pair. We refer to this operation as divisorial generalized adjunction.
More generally, let W ⊂ X be a generalized log canonical center, and denote by W ν its normalization. In order to define a generalized pair on W ν , we argue as follows. Fix a generalized log canonical place E ′ dominating W , and let π : X ′ → X be a higher model where E ′ appears as normal prime divisor. By generalized divisorial adjunction, E ′ inherits a generalized sub-pair structure (
. Then, we consider the induced fibration ρ : E ′ → W ν . Finally, we apply Theorem 2.20 to induce a generalized pair structure on W ν . In this setup, we have the following statement, referred to as generalized adjunction and inversion thereof.
Global strong (ǫ, n)-complements
In this section, we prove Theorem 1.3. We will start proving Lemma 3.2, which will allow us to perturb the coefficients of a generalized pair and keep it generalized log canonical.
Notation 3.1. Let Λ be a set of rational numbers satisfying the descending chain condition. Given a natural number m ∈ N, we consider the partition
of the interval (0, 1]. For each b ∈ Λ, we denote by The following lemma is a generalization of [Bir16b, Proposition 2.50] for Λ having rational accumulation points.
Lemma 3.2. Let d and p be two natural numbers, and Λ ⊂ Q be a set satisfying the descending chain condition with rational accumulation points. There exist a natural number m, only depending on d, p, and Λ satisfying the following. If X → Z is a contraction between normal quasi-projective varieties, (X, B + M ) is a generalized log canonical pair of dimension d such that
Then the following conditions hold
• we may run a minimal model program for −(K X +B m +M ) over Z that terminates with a generalized log canonical pair (X ′′ , B
Proof. We will prove each statement independently by contradiction applying the ascending chain condition for generalized log canonical thresholds [BZ16, Theorem 1.5] and the global ascending chain condition for generalized log canonical pairs [BZ16, Theorem 1.6].
(1) Assume it is not true. Then, there exists a sequence of generalized log canonical pairs (X i , B i + M i ) as in the statement such that (X i , B i,i + M i ) is not generalized log canonical. We claim that we can find boundaries B i ≤ Γ i ≤ B i,i and prime divisors D i such that
all the remaining coefficients of Γ i belong to Λ, and
In what follows we will write
where the B i ∈ Λ. We will produce Γ i by successively increasing the coefficients of B i which differ from the coefficients of B i,i . Indeed, if
i,i and the generalized pair (X i , B i + M i ) will remain generalized log canonical. Proceeding inductively with the other coefficients until (X i , B i,i + M i ) is not generalized log canonical, we will eventually find j i so that
. We denote by Γ . Hence, by (3.1), for every δ > 0 we may find i large enough such that coeff Di (Γ i ) ∈ (c − δ, c). Thus, passing to a subsequence, we obtain an infinite increasing sequence 
is nef over Z and X is of Fano type over Z, we conclude that −(K X + B + M ) is semiample over Z, hence we can find a boundary Γ so that (X, B +M +Γ) is generalized log canonical and K X +B +M +Γ ∼ Q,Z 0, therefore the above minimal model program is ( 
. Let Y be a log resolution of the minimal model program X → X ′′ with birational projective morpshism ψ : Y → X and φ : Y → X ′′ , then we can write
where E is an effective divisor. Let Now we turn to prove the case where ǫ > 0 and Λ is finite. Observe that since pM ′ is Cartier, then the divisor pM is Weil. By Lemma 2.13, every (X, B +M ) as in the statement admits a strong (ǫ, n)-complement for some n depending on d, ǫ and Λ.
Finally, we prove the case in which M ′ is trivial and Λ being possibly infinite, i.e. the case of pairs. By the proof of Lemma 2.13, the varieties X as in the statement belong to a bounded family. Let X → T be a bounding family. Thus, there exists a positive number C = C(P) so that the X as in the statement admit a very ample line bundle A with A d ≤ C. We may assume that A d−1 · (−K X ) ≤ C for all X in P. Being coeff(B) > δ > 0 for some fixed δ small enough, we get
where red(B) denotes the reduced structure of B. Hence, we deduce that the log pairs (X, B) belong to a log bounded family. We denote by B ⊂ X be the divisor on X bounding B. Now we use the boundedness of (X, B) to prove the statement. Recall that we are assuming that X is Q-factorial. Therefore, arguing by contradiction, we assume that there is a sequence {(X i , B i )} i≥1 satisfying the hypotheses of the statement such that (X i , B i ) admits no strong (ǫ, j)-complement for j ≤ i. Let B (i) be the divisor supported on B such that B
(i) i = B i . Since we have coeff(B i ) ∈ Λ, up to passing to a subsequence, we may assume that B (i) ≤ B (i+1) and Supp(B (i) ) = Supp(B (i+1) ). Since the coefficients lie in Λ, we can set B (∞) := lim B (i) . Up to passing to a subsequence and replacing T with the resolution of a subvariety, we may assume that T is a smooth variety and t i is a dense sequence on T . Since (X i , B
(1) i ) is ǫ-log canonical for all i, by Proposition 2.10 we may assume that X is Q-factorial.
Let f : X ′ → X be a log resolution of the pair (X , B). Up to shrinking T , we may assume that π • f : (X ′ , B ′ + E ′ ) → T is a log smooth family, where B ′ := f −1 * B, and E ′ denotes the reduced exceptional divisor of f . In particular, each fiber (X
is the log pull-back of
the log pull-back of K X + B (i) , and therefore the sequence {P (i) } i≥1 is increasing and admits a limit P (∞) .
By construction each (X
i ) is sub-ǫ-log canonical. Thus, coeff(P (i) ) ≤ 1 − ǫ. By continuity, we argue that coeff(P (∞) ) ≤ 1 − ǫ. Thus, the construction guarantees that the pairs (
) is also a strong (ǫ, n)-complement for (X, B i ). By Lemma 2.13, each pair (X, B (∞) i ) admits a strong (ǫ, n)-complement, where n is independent of i. This provides the needed contradiction, and the claim follows.
Proof of Theorem 2.9. By Theorem 1.3, for any generalized pair (X, B + M ) ∈ P there exists a bounded (0, n)-complement (X, B + +M ). Since B + ≥ B ≥ 0, it suffices to show that the generalized pairs (X, B + +M ) are generalized log bounded.
By Lemma 2.8, the varieties X corresponding to P are bounded. Let X → T be a bounding family. Thus, there exists a positive number C = C(P) such that every X as in the statement admits a very ample divisor A with A d ≤ C. Furthermore, we may assume that
+ effective, M the push-forward of a nef divisor, and A is ample, we have
Thus, we get the chain of inequalities
We conclude that
n , 1}. We conclude that Supp(B + ) is bounded as well. Let B be the divisor on X bounding Supp(B + ). Since the coefficients of B + belong to a finite set, there are finitely many divisors D 1 , . . . , D k supported on B such that for any (X,
Thus, M is bounded up to Q-linear equivalence as well, and the claim follows.
Local strong (ǫ, n)-complements
In this section, we prove Theorem 1.2 and Theorem 1.4. The former is a generalization of [Bir16b, Theorem 1.8] to the setting of generalized pairs and the latter is a partial result towards existence of klt complements in the semi-stable setting.
Proposition 4.1. The statement of Conjecture 1.1 holds for ǫ = δ = 0 and Λ finite, if there exist a boundary divisor Γ ≥ 0 and 0 < β < 1 so that
• (X, Γ + βM ) is Q-factorial generalized plt;
• the divisor −(K X + Γ + βM ) is ample over Z; and • S = ⌊Γ⌋ is an irreducible component of ⌊B⌋ which intersects the fiber over z.
Proof.
We proceed by induction on the dimension of X. If A is an ample divisor on X, we can choose λ > 0 small enough and 0 ≤ D ∼ Q Γ + βM + λA so that the pair (X, D) is plt, −(K X + D) is ample over Z, and S = ⌊D⌋. Hence, by the first step of the proof of [Bir16b, Proposition 8.1], we conclude that the morphism S → f (S) is a contraction and S is of Fano type over f (S). We consider a log resolution φ : X ′ → X of (X, B + M ) where M ′ descends, S ′ is the birational transform of S, and ψ : S ′ → S the corresponding morphism. By generalized adjunction we can write K S + B S + M S = (K X + B + M )| S , where the coefficients of B S belong to set of hyperstandard coefficients Ω (see, e.g. [Bir16b, Lemma 3.3]) and pM ′ S is a Cartier divisor. By Theorem 1.3 in the case that f (S) is a point or by the induction hypothesis in the case that dim(f (S)) ≥ 1, we conclude there exists a n-complement K S + B + S + M S of K S + B S + M S over z, where n only depends on Ω, d − 1, and p. Replacing n with a bounded multiple, we may assume that nB and nM ′ are integral divisors. We adopt the following notation
We denote by T ′ the sum of the components of B ′ with coefficient one, and by ∆ ′ := B ′ − T ′ We will also consider the integral divisor
There exists a unique integral divisor P ′ so that
Moreover, we may replace Γ with ǫΓ + (1 − ǫ)B for some small positive real number ǫ to ensure that P ′ is an effective exceptional divisor over X (see Step 4 of the proof of [Bir16b, Proposition 8.1] for the details). Observe that
is the sum of the klt pair K X ′ + Σ ′ − S ′ and the divisor A ′ + nN ′ + βM ′ , which is nef and big over Z. Up to shrinking Z around z, we may assume that Z is affine, so we may apply relative Kawamata-Viehweg vanishing [KMM87, Theorem 1-2-5] to deduce that the restriction homomorphism
is surjective. We denote by R S ′ the pull-back to S ′ of R S = B + S − B S and define
where the subscript S ′ means restriction to S ′ . A computation analogous to Step 6 of the proof of [Bir16b, Proposition 8.1] shows that G S ′ is an effective integral divisor and G S ′ ∼ L S ′ + P S ′ , up to shrinking Z around z. So by the surjectivity of (4.1), there exists
n and R its push-forward to X. By construction, we have −n(K X + B + M ) ∼ G = nR, so B + := B + R is such that n(K X + B + + M ) is Cartier over a neighborhood of z.
Finally, we need to check that (X, B + + M ) is generalized log canonical over z, meaning that (X, B + + M ) is a strong (0, n)-complement of K X + B + M over z. First, we claim that (X, B + + M ) is generalized log canonical around S. Observe that nR ′ ∼ nN ′ ∼ Q,X 0 and φ * nR ′ = nR, so φ * (R) = R ′ . Moreover, nR S ′ = nR ′ | S ′ implies that R S = R| S . We conclude that
so the latter generalized pair is generalized log canonical around S by inversion of adjunction for generalized pairs (see, [Bir16b, Lemma 3.2] or [Fil18, Theorem 1.3]). If (X, B + + M ) is not log canonical over z, then there is a generalized log canonical center W which intersects the fiber over z and is disjoint from S. We define Ω = ǫΓ + (1 − ǫ)B + and N = ((1 − ǫ) + βǫ))M for a small positive real number ǫ. Hence, (X, Ω + N ) is not generalized log canonical at the generic point of W as well, and −(K X + Ω + N ) is nef and big over a neighborhood of z. This contradicts the connectedness principle for generalized pairs [Bir16b, Lemma 2.7]. Thus, we conclude that (X, B + + M ) is generalized log canonical over a neighborhood of z.
Proposition 4.2. The statement of Conjecture 1.1 holds for ǫ = δ = 0 and Λ is finite, if there exists 0 ≤∆ ≤ ∆ ≤ B and 0 < β < 1 so that • −(K X + ∆ + βM ) and −(K X +∆ + βM ) are big and nef over Z;
• some component of ⌊∆⌋ intersect the fiber over z; and • the generalized pair (X,∆ + βM ) is generalized klt.
Proof. Taking a Q-factorial generalized dlt modification of (X, B + M ), we may assume that X is Q-factorial and (X, B + M ) is generalized dlt (see, [BZ16, §4] or [Fil18] ). Then, in what follows, we will denote βM by M in order to shorten the notation. Write −(K X + ∆ + M ) ∼ Q,Z A + G where A is ample and G is effective. If supp(G) does not contain generalized non-klt centers of (X, ∆), then the pair (X, ∆ + δG + M ) is generalized dlt for δ small enough, and −(K X + ∆ + δG + M ) is ample. Let S be a prime component of ⌊∆ + δG⌋ which intersects the fiber over z. We can find a small positive real number ǫ, so that
is a boundary such that the following conditions hold:
• and S = ⌊Γ⌋ is an irreducible component of ⌊B⌋ which intersects the fiber over z. Then, by Proposition 4.1, we conclude that the statement of the theorem holds for (X, B + M ).
From now on, we may assume that supp(G) contains some generalized non-klt center of (X, ∆ + M ). Let ∆ s := s∆ + (1 − s)∆ for any s ∈ [0, 1]. Observe that (X, ∆ s + M ) is generalized klt for any s ∈ (0, 1] and −(K X + ∆ s + M ) is big and nef over Z. More precisely, we can write
Let Ω s := ∆ s + t s (G + ∆ − ∆ s ) where t s is the generalized log canonical threshold of (X, ∆ s ) with respect to G + ∆ − ∆ s over z. We claim that for s small enough every generalized non-klt place of (X, Ω s ) is a generalized non-klt place of (X, ∆) and the divisor −(K X + Ω s + M ) is ample over Z. Let π : Y → X be a log resolution of the couple (X, ∆ + G) where M ′ descends. Write F := ∆ −∆ and π * (F ) = i f i E i , where the E i 's are pairwise distinct prime divisors and the f i 's are positive. We will write π * (G) = i g i E i , where the g i 's are positive numbers. We can write
where the real numbers e i 's are at most one. Thus, we can compute
for any s ∈ [0, 1) and t > 0. Hence, we conclude that
where
Since the functions t i (s) are monotone with respect to s, we conclude that t i (s) = t s for s small enough implies that t i (0) = t 0 = 0, meaning that E i is a log canonical place for (X, ∆ s ) for all s ≥ 0 small enough. Moreover, observe that t s converges to zero when s converges to zero. This proves the first statement. On the other hand, observe that
where we use the linear equivalence (4.2) in the last step. Hence, −(K X + Ω s + M ) is ample for s small enough. From now on, we will fix s small enough as in the claim, and denote Ω s by Ω.
If ⌊Ω⌋ = 0, we can perturb the coefficients to guarantee that ⌊Ω⌋ is irreducible. Then, we conclude by Proposition 4.1. Thus, we may assume ⌊Ω⌋ = 0 and consider (Y, Ω Y + M Y ), a Q-factorial dlt modification of (X, Ω + M ). Observe that K X + M is a generalized minimal model of , we may assume that ⌊B⌋ is non-trivial. Moreover, by Lemma 3.2 we may assume that the coefficients of B belong to a finite set of rational numbers.
is pseudo-effective over Z, this minimal model program terminates with a nef divisor −(K
We claim that for every 0 < α < β < 1 the divisor −(K X +αB +βM ) is a big divisor. Indeed, since X is of Fano type over Z, there exists a big boundary B 1 over Z so that K X +B 1 ∼ Q,Z 0 and (X, B 1 ) is klt. Moreover, since −(K X + B + M ) is semi-ample over Z, we may find B 2 effective so that K X + B + B 2 + M ∼ Q,Z 0 and (X, B + B 2 + M ) is generalized log canonical. Hence, we have that
is big over Z as well. We define the divisor ∆ := B ver + αB hor , where B ver and B hor are the vertical and horizontal components of B over Z. Observe that ∆ = αB over the generic fiber of f , so we have that the divisor −(K X + ∆ + βM ) is big over Z.
Let X → V be the contraction defined by −(K X + B + M ). Run a minimal model program for −(K X + ∆ + βM ) over V , which terminates with a model X ′′ where −(K X ′′ + ∆ ′′ + βM ′′ ) is nef over V . We claim that the minimal model program does not contract any component of ⌊∆⌋. Indeed, the above minimal model program is (K X + B + M )-trivial and hence (K X ′′ + ∆ ′′ + βM ′′ ) is generalized log canonical. If some component of ⌊∆⌋ is contracted by the above minimal model program, then its center on X ′′ is a generalized non-log canonical center of (X ′′ , ∆ ′′ + βM ′′ ). This provides the required contradiction. Since −(K X + B + M ) is the pull-back of a divisor on V that is ample over Z, for a small positive real number ǫ, the generalized pair
is generalized log canonical, ⌊∆ ′′ + (1 + ǫ)B ′′ ⌋ = S, and
is nef and big over Z. Replacing (X, ∆ + βM ) with the generalized pair in (4.3) and β with (1 − ǫ(1 − β)), we may assume that −(K X + ∆ + βM ) is nef and big over Z. Moreover, since ǫ is small enough, we may assume that every (K X + ∆ + βM )-trivial curve over Z is also a (K X + B + M )-trivial curve over Z. Let X → W be the morphism defined by −(K X + ∆ + βM ). By the above assumptions, we know that this morphism is (K X + B + M )-trivial. Define∆ = γ∆ for 0 ≪ γ < 1, and let X X ′′ be the minimal model program for −(K X +∆ + βM ) over W . Replacing X ′′ with the generalized dlt model of (X ′′ , ∆ ′′ + βM ), we may assume that ⌊∆ ′′ ⌋ has a component that intersects the fiber over z non-trivially. Observe that −(K X ′′ +∆ ′′ + βM ′′ ) is nef and big over W and it is the pull-back of a divisor on W which is ample over Z. Hence, for a small positive real number ǫ the generalized pair
is generalized klt, and
is nef and big over Z. Replacing (X,∆ + βM ) with the generalized pair in (4.4), we may assume that there exists 0 ≤∆ ≤ ∆ ≤ B and 0 < β < 1 so that the assumptions of Proposition 4.2 hold, concluding the proof.
We turn to prove Theorem 1.4. In order to do so, we will prove Lemma 4.3, which is the statement of the theorem when dim(Z) = 1. Then, we will show Proposition 4.4, which will allow us to take log canonical closures of morphisms.
Lemma 4.3. Let d be a positive integer, ǫ a positive real number and R ⊂ [0, 1] a finite set of rational numbers. Then, there exist a positive integer n and a positive real number δ only depending on d, ǫ and R such that the following holds. Let π : X → C be a contraction of normal quasi-projective varieties, C a curve and (X, B) an ǫ-log canonical pair of dimension d such that
• −(K X + B) is nef over C;
• X is of Fano type over C;
• coeff(B) ⊂ R; and • π : (X, B) → C is a semi-stable family of semi-log canonical pairs. Then, for every point o ∈ C there exists a strong (δ, n)-complement for (X, B) over o.
Proof. Fix a closed point o ∈ C. Up to shrinking C around o, we may assume that (X c , B c ) is ǫ-log canonical for all c = o. Since X is of Fano type over C, there exists a boundary ∆ ≥ 0 such that (X, ∆) is klt and −(K X + ∆) is nef and big over C. Fix a rational number 0 < α ≪ 1. Then (X, B + α∆) is ǫ 2 -log canonical, and −(K X + B + α∆) is nef and big over C. Thus, up to shrinking C, by Lemma 2.8, the varieties X c with c = o are of Fano type and belong to a bounded family P depending just on the data in the statement.
Thus, by [Bir16b, Lemma 2.25], there is a positive integer a only depending on the data in the statement such that a(K Xc + B c ) is Cartier for c = o. Then, by Nakayama's lemma, the Weil divisor a(K X + B)
is Cartier over C \ {o}. Since X is of Fano type over C, by the relative effective basepoint-free theorem [Fuj09, Theorem 2.2.4], there exists a positive integer b, divisible by a and depending only on the data in the statement, such that −kb(K X + B) is π-free over C \ {o} for any positive integer k. In particular, this implies the existence of bounded klt complements of (X, B) over the generic point of C. Now, we are left with showing the existence of a suitable complement over the fixed closed point o ∈ C. By inversion of adjunction [Hac14, Theorem 0.1], the pair (X, B + X o ) is log canonical. Thus, by [Bir16b, Theorem 1.8], it admits a strong (0, n)-complement over o, where n depends just on the data in the statement. In particular, we can regard it as a strong (0, nb)-complement. By Proposition 2.14, we can pick the complement B + such that
is a general element. Notice that, since C is affine, nb(K X + B) ∼ nb(K X + B + X 0 ). In particular, as −bn(K X + B) is π-free over C \ {o}, we may assume that (X, B + ) is klt over C \ {o}. Now, B
+ is a strong (0, nb)-complement for (X, B). By construction,
. As the only log canonical centers of (X,
Proposition 4.4. Let f : (X U , ∆ U ) → U be a contraction of quasi-projective varieties, z ∈ U be a closed point and n a positive integer. Assume that (X U , ∆ U ) is log canonical, K XU + ∆ U ∼ C,Q 0 and n∆ is integral. Denote by (U, B U + M U ) the generalized pair induced on U by the canonical bundle formula. Then, for any normal projective compactification Z of U , we may find a projective log canonical pair (X, ∆) → Z such that (X, ∆) × Z U is a minimal dlt model of (X U , ∆ U ), K X + ∆ ∼ Z,Q 0 and n∆ is integral. In particular, (X, ∆) and (X U , ∆ U ) induce the same generalized pair on U .
Proof. By [HX13, Corollary 1.2], there exists a log canonical pair (X, ∆) mapping to Z such that (X, ∆) × Z U = (X U , B U ). Let (X ′ , B ′ ) be a birational model of X obtained taking a minimal dlt model of (X, B) and then removing the components of the boundary mapping to Z \ U . In particular, n∆ ′ is integral and the generic point of every log canonical center of (X ′ , ∆ ′ ) maps to U . By [HX13, Theorem 1.6], we can run a (K X ′ + ∆ ′ )-MMP with scaling over Z, and it terminates with a good minimal model (X ′′ , ∆ ′′ ). In particular, we have K X ′′ + ∆ ′′ ∼ Z,Q 0. By construction, this MMP is the identity over U . Thus, since (
. This is the model claimed.
Proof of Theorem 1.4. We will proceed by induction on the dimension of the base Z. The base of the induction is given by Lemma 4.3. Thus, we may assume that dim Z ≥ 2.
First, we reduce to the case when z is a closed point. Let H be a general very ample divisor on Z, and write X H := π * H. Since X H is a general element of a basepoint-free linear series, it follows that (X H , B H ) is still ǫ-log canonical, coeff(B H ) ⊂ Λ and X H is of Fano type over H. Furthermore, mK H is Cartier [Kol13, Proposition 4.5. (3)]. Thus, the morphism π H : (X H , B H ) → H satisfies the same assumptions in the statement.
Fix z ∈ Z, and assume dim O Z,z ≤ n − 1. Then, {z} ∩ H = ∅. Let z H be the generic point of an irreducible component of {z} ∩ H. Then, by induction on the dimension of the base, (X H , B H ) admits a strong (δ, n)-complement B + H over z H , where δ > 0 and n ∈ N depend just on d, ǫ, m and Λ. Without loss of generality, we may assume that n · Λ ⊂ N. Notice that, as Λ is a finite set, by the construction in Proposition 2.14, we may identify n(B + H − B H ) with an element of | − n(K XH + B H )| over z H . Now, we may shrink Z, and assume that it is affine. Therefore, we have H ∼ 0. This implies that there is a non-canonical isomorphism O X (K X )| XH ∼ = O XH (K XH ). Thus, by twisting the short exact sequence
with O X (−n(K X + B)) we obtain the short exact sequence
Notice that the sequence in (4.5) remains exact, since
is surjective. Hence, we may lift local section of O XH (−n(K XH + B H )) to local sections of O X (−n(K X + B)). In particular, there exists B + such that n(B + − B) restricts to n(B + H − B H ). This is equivalent to saying that (
is plt in a neighborhood of f * H. Notice that, since {z} ∩ H = ∅, this holds true over a neighborhood of z. Thus, as f * H is Cartier, we conclude that B + is a strong (n −1 , n)-complement for (X, B) over z. Now, we turn to treat the case when z is a closed point arguing by contradiction. Let B + be a (0, n)-complement for (X, B) over z, where n depends only on Λ and d [Bir16b, Theorem 1.8]. Up to replacing n by a bounded multiple depending only on ǫ, by Proposition 2.14, we may assume that (X, B + ) is klt over the generic point of Z. Therefore, there are finitely many closed subvarieties
By the first part of the proof, for a general choice of Consider t := glct(X, B|f * (B Z + M Z )). Since (X, B) is ǫ-log canonical with ǫ > 0, we have t > 0. We will show that t = 1. Let π : Z ′ → Z be a log resolution of (Z, B Z ) where M Z ′ descends. Define X ′ := X × Z Z ′ , and let g : X ′ → Z ′ and ψ : X ′ → X be the induced morphisms. By Proposition 2.19, X ′ is a normal variety. Since Supp(B) contains no fibers, we have ψ
Thus, we have the following chain of equalities
(4.6)
Hence, (X, B + f * (B Z + M Z )) is generalized log canonical if and only if so is (
′ , it does not contribute to the singularities of (
is simple normal crossing, by repeated inversion of adjunction [Hac14] , (X ′ , B ′ + g * Supp(B Z ′ )) is log canonical. Thus, we conclude that (X, B + f * (B Z + M Z )) is generalized log canonical. In particular, we have t ≥ 1. On the other hand, since (Z, B Z + M Z ) is not generalized klt at z, there exists a prime divisor P ′ ⊂ Z ′ mapping to z such that mult P ′ B Z ′ = 1. Therefore, we have t = 1.
By construction, (X, B +f * (B Z +M Z )) is generalized klt over U \{z} and X z is a generalized log canonical center. Now, up to replacing n by a bounded multiple depending only on the data in the statement, by Theorem 1.2 (X, B + f * (B Z + M Z )) admits a strong (0, n)-complement over z. Call it Γ. Then, as lf * (B Z + M Z ) is Cartier over a neighborhood of z, Γ is a strong (0, n)-complement for (X, B) over z. By Proposition 2.14 and the previous discussion, up to shrinking U , we may assume that (X, Γ) is klt over U \ {z}.
Let ρ : Z ′′ → Z be a generalized dlt model for (Z, B Z +M Z ) [Fil18, Corollary 3.4]. Define X ′′ := X × Z Z ′′ , which is normal by Proposition 2.19, and write h : X ′′ → Z ′′ and φ : X ′′ → X for the induced morphisms. By construction ρ is an isomorphism over U \ {z}. Let P 1 , . . . , P k be the ρ-exceptional divisors mapping to z. Notice that k ≥ 1, as (Z,
Now, let (X ′′ , Γ ′′ ) be the log pull-back of (X, Γ) to X ′′ . Assume by contradiction that (X, Γ) is not klt over z. Then, the sub-pair (X ′′ , Γ ′′ ) has a log canonical center
is not log canonical for any σ > 0. On the other hand, by the argument in equation (4.6), mult Qi 
is log canonical. This provides the required contradiction.
Applications
In this section, we will use the existence of log canonical complements to prove an effective version of generalized canonical bundle formula 1.5. Then, we will prove that existence of klt complements implies M c Kernan's conjecture.
Lemma 5.1. Let (X, B + M ) be a generalized log canonical pair and f : X → C be a contraction onto a smooth curve. Assume that X is of Fano type over some non-empty open set U ⊂ C. Moreover, assume that K X + B + M ∼ Q,C 0, and that the generic point of each generalized non-klt center of (X, B + M ) is mapped into U . Then X is of Fano type over C.
Proof. Since X is of Fano type over some non-trivial open set U ⊂ C, we can find a boundary Γ on X so that Γ is big over U and K X + Γ ∼ Q,U 0 (see, e.g. [Bir16b, 2.10]). Hence, since Z is a curve we may find D ≤ 0 so that K X + Γ ∼ Q,C D and D is mapped to C \ U . Since the generic point of each generalized non-klt center of (X, B + M ) is mapped into U , we conclude that for t small enough the generalized pair
Observe that the boudary divisor ∆ = (1 − t)B + t(Γ − D) is big over C. Write ∆ ∼ Q,C A + E where E is effective and A is an effective ample divisor over C. We can find ǫ small enough so that 0 ≤ Ω ∼ Q (1−t)M +ǫA is a boundary such that (X, (1−ǫ)A+E +Ω) is a klt pair with big boundary and K X +(1−ǫ)A+E +Ω ∼ Q,C 0. Therefore, by [Bir16b, 2.10] we conclude that X is of Fano type over C. Proof. 
where both generalized sub-pairs on W are Q-linearly trivial over Z. Hence, we conclude that
. Therefore for each prime divisor P ⊂ Z we can compute Proof. First, we prove that coeff(B S ) belong to a set of rational numbers which only depend on p and Ω. By taking hyperplane sections we may assume that X is a surface. Since a dlt surface is Q-factorial, we have that K X + B is Q-Cartier. We define (K S +B S )| S = (K X + B)| S by adjunction. Let p be a point on S. We want to find a formula for coeff P (B S ). We may assume that coeff P (B S ) ≤ coeff P (B S ) < 1 so (X, B) is plt at P . Shrinking around P we may assume that X ′ is smooth and S ′ → S is an isomorphism. Denote B = n i=1 λ i B i with B i pairwise different prime divisors and λ i ∈ Λ. By [Sho92, Corollary 3.10], wen can write
for any natural number m so that mB 1 , . . . , mB n are Cartier divisors and the α i 's are non-negative integers. Write f : X ′ → X and f * (M ) = M ′ + E ′ where E ′ is an effective divisor. Since pM ′ is Cartier, we conclude that pM is Weil. Let m ′ be any positive integer divisibile by the Cartier index of pM . Hence, we can write
and m ′ pE is a Cartier divisor. In particular, m ′ pE ′ is integral. By definition we have that B S =B S + E S where E S is the push-forward of E ′ | S ′ . We deduce that we can write
where β is a non-negative number. We conclude that coeff P (B S ) belongs to a set Ω only depending on Λ and p. Since m, m ′ , α i , β are naturals and λ i ∈ Λ ⊂ Q we have that Ω ⊂ Q. Now, we turn to prove that Ω satisfies the descending chain condition and has rational accumulation points. Indeed, let's assume that we have a sequence (X i , B i + M i ) and S i as before so that c i = coeff Pi S i is an infinite sequence of pair-wise different rational numbers. Furthermore assume that the sequence c i has a unique accumulation point c ∞ . If c ∞ = 1 then the sequence does not violate the descending chain condition and the accumulation point is rational. We may assume that c ∞ < 1. In particular, we can write c i < 1 − ǫ for some ǫ small enough. By [Sho92, Proposition 3.9] we know that there exists a constant l only depending on ǫ so that the Cartier index of any Weil divisor on X i is bounded by l. By the equality (5.2) we can write
where the α i 's and β are positive integers. From the inequality α i < 1, we deduce that n, α i and β belong to a finite family of natural numbers. Hence, passing to a subsequence, we may assume that n, the α i 's and β are fixed natural numbers. Therefore, since the λ i satisfy the descending chain condition, we conclude that the c i satisfy the descending chain condition as well. Moreover, we can write H) ). In particular, since these are finitely dimensional vector spaces, every Cartier divisor in
As H is Cartier, we conclude that D 2 is Cartier.
Lemma 5.5. Let d and p be two natural numbers and Λ ⊂ Q be a set satisfying the descending chain condition with rational accumulation points. Then, there exists a natural number q and a set Ω ⊂ Q satisfying the descending chain condition with rational accumulation points, only depending on d, p and Λ, satisfying the following. Let f : X → Z be a contraction between normal quasi-projective varieties, (X, B + M ) be a generalized log cannical pair of dimension d such that
• X is of Fano type over some non-empty open set of Z;
Then the generalized pair (Z, B Z + M Z ) obtained by generalized adjunction is such that
Proof. We will prove the existence of Ω and q by induction on the dimension of Z. We will use the existence of log canonical complements and the generalized canonical bundle formula to produce q. Fix a point z ∈ Z over which X is of Fano type. Then, by Theorem 1.2, we can find a strong (q, 0)-
, we have that B + = B over the generic point of Z. Hence, we may find L on X and L Z on Z so that q(K X + B + M ) ∼ qL and qL = qf * L Z . Therefore, by the generalized canonical bundle formula [Fil18, Theorem 1.4] with respect to L Z , we may write
Now, we turn to prove the existence of Ω. Let H be a general hyperplane section on Z and G := f * H. Denote by g : G → H the induced morphism. Write (K G + B G + M G ) = (K X + B + M )| G , and let K H + B H + M H be the generalized pair obtained by the generalized canonical bundle formula for the morphism g and , we have that t is the log canonical threshold of g * C with respect to (G, B G + M G ). Therefore we conclude that coeff(B Z ) = coeff(B H ). By Lemma 5.3, we know that pM ′ G is Cartier and coeff(B G ) belongs to a set only depending on d, p and Λ and satisfying the descending chain condition with rational accumulation points. Therefore, by repeated hyperplane cuts, we may reduce to the case when Z is a smooth curve.
From now on, we assume that dim(Z) = 1. Thus, by Lemma 5.1, we have that X is of Fano type over Z. Let z ∈ Z be a closed point and t the generalized log canonical threshold of (X, B + M ) with respect to f * z. 
which satisfies the descending chain condition and has rational accumulation points. Observe that Ω only depends on q and Λ. In particular, it only depends on d, p and Λ. Finally, we need to prove that qM Z is a Weil divisor. First, we reduce to the case when Z is a curve. Let H be a general hyperplane section on Z, G it's pull-back to X, g : G → H the induced morphism, H ′ ∼ H a general member of the linear system |H|, D a prime divisor of Z and C a prime component of D ∩ H. We can write K H := (K Z + H ′ )| H , being H a general hyperplane section. We write
so we have
Hence, M H is the moduli part of (G, B G + M G ) over H. On the other hand, we have that
We know that coeff C (B H ) = coeff D (B Z ), therefore we have that coeff(M Z ) = coeff(M H ). So it suffices to prove that qM H is Weil.
From now on, we may assume that dim(Z) = 1. Thus, by Lemma 5.1, we may assume that X is of Fano type over Z. Let V ⊂ Z be an open subset so that supp(B Z ) ⊂ Z \ V . Thus, we can write
where t z is the generalized log canonical threshold of (X, B + M ) with respect to f * z. Let Θ Z be the boundary part of generalized adjunction with respect to (X, Θ + M ), then we have that
By definition of B Z , the divisor Θ Z is reduced. We know that K X + Θ + M is a strong (0, q)-complement of K X + B + M over z ∈ Z, for every point z. In particular, we have that q(K X + Θ + M ) ∼ Z 0. Therefore, we have that
In particular, we have that qf * (K Z + Θ Z + M Z ) is a Cartier divisor. Also, q(K X + Θ + M ) is the pull-back of a Cartier divisor on Z. Therefore, by Proposition 5.4, we conclude that q(K Z + Θ Z + M Z ) is a Cartier divisor. Since q(K Z + Θ Z ) is integral, we conclude that qM Z is integral as well.
Proof of Theorem 1.5. Due to Lemma 5.5, it suffices to prove that qM ′ Z is Cartier. Let Z 0 → Z be a resolution of singularities of Z and X 1 a log resolution of the generalized pair (X, B + M ) so that the rational map X 1 Z 0 is a morphism. We denote by U ⊂ Z the non-trivial open set where Z 0 → Z is an isomorhism, X is of Fano type over U and M ′ ∼ Q,U 0. Denote by U 0 its inverse image on Z 0 . Moreover, we denote by X 0 the normalization of the main component of the fiber product Z 0 × Z X. Let ∆ 1 be the sum of the birational transform B 1 of B and the reduced exceptional divisor of X 1 → X with all the components mapping outside U 0 removed. We denote by M 1 the trace of the birational divisor inducing M on X 1 . Observe that (X 1 , ∆ 1 + M 1 ) is a generalized klt pair. By the negativity lemma [KM98, Lemma 3.39], the relative diminished base locus over X 0 of K X1 + ∆ 1 + M 1 contains all exceptional divisors over X 0 which maps onto U 0 . We run a minimal model program for K X1 + ∆ 1 + M 1 over X 0 with scaling of an ample divisor. After finitely many steps, all the exceptional divisors over U 0 which are not generalized log canonical places of K X + B + M over U 0 are contracted. Hence, after finitely many steps the variety is of Fano type over U 0 , so the minimal model program terminates over U 0 . We call such variety X 2 , denote the strict transform of B 1 on X 2 by B 2 , the strict transform of ∆ 1 on X 2 by ∆ 2 , and by M 2 the trace of M on X 2 . Observe that the generalized pair (X 2 , ∆ 2 + M 2 ) is a small Q-factorialization of (X, B + M ) over U 0 . In particular we have that K X2 + ∆ 2 + M 2 ∼ U0,Q 0, (X 2 , ∆ 2 + M 2 ) is generalized klt and ∆ 2 + M 2 is big over Z 0 . Since ∆ 2 + M 2 is big over Z 0 and (X 2 , ∆ 2 + M 2 ) is generalized klt we can write
where (X 2 , ∆ therefore we have that qM Z0 is Weil which means that qM ′ Z is a Cartier divisor, being Z 0 smooth. Proof of Corollary 1.7. Let (X, B + M ) be a generalized pair and W ⊂ X be a generalized log canonical center. Let (Y, B Y + M Y ) be a generalized dlt model of (X, B + M ) and E a generalized log canonical place corresponding to W . Since W is an exceptional generalized log canonical center, we have that E is the only generalized log canonical place mapping onto W . Observe that E is normal. By Lemma 5.3, there exists a set Ω 0 ⊂ Q satisfying the descencing chain condition with rational accumulation points and a natural number q 0 , depending only on d, p and Λ, so we can write
where E is the normalization of E, coeff(B E ) ⊂ Ω 0 and q 0 M E ′ is Cartier. By the assumption on the exceptionality of W , we get that the generalized pair (E, B E + M E ) is generalized klt over the generic point of W . Now, we can apply Theorem 1.5 to the generalized pair (E, B E + M E ) with respect to the morphism E → W , and conclude that there exists a generalized pair (W, B W + M W ) on W , so that
coeff(B W ) ⊂ Ω, and qM W , where Ω ⊂ Q is a set with the descending chain condition with rational accumulation points and q is a natural number, both depending only on d − 1, q 0 and Ω 0 , hence only depending on d, p and Λ.
For the reader's convenience, we will split Theorem 1.10 into two statements.
Theorem 5.6. Conjecture 1.1 implies Conjecture 1.9.
Proof. The statement of Conjecture 1.9 is local on the base. Fix a point z ∈ Z. Assuming Conjecture 1.1, there exists a strong (ζ, n)-complement B + for X over z, where ζ > 0. Up to shrinking Z and X over it accordingly, we may assume that (X, B + ) is ζ-log canonical. Therefore, the general fiber (X t , B t ) of f is a ζ-log canonical pair. Furthermore, by assumption, −K Xt is ample. In particular, by [Bir16c, Theorem 1.1], X t belongs to a bounded family. Since coeff(B + ) ⊂ { 1 n , . . . n−1 n }, by the same argument as in the proof of Theorem 1.3, the pairs (X t , B + t ) belong to a log bounded family depending just on d and ǫ. Now, by [Bir16a, Theorem 1.3], there exists boundary ∆ on Z such that (Z, ∆) is δ-log canonical, where δ > 0 depends on ǫ and d. Since Z is Q-factorial [KM98, Corollary 3.18], it follows that Z is δ-log canonical. Now we will address the second part of the statement of Theorem 1.10.
Theorem 5.7. Let d and m be positive integers and ǫ a positive real number. Then, there exists a positive real number δ such that the following holds. If f : X → Z is a Mori fiber space, X is projective, ǫ-log canonical and Q-factorial and mK X is Cartier, then Z is δ-log canonical.
Proof. Since mK X is Cartier, by [Fuj09, Theorem 2.2.4], there is a positive integer a depending just on m and d such that −aK X is f -free. Up to taking a bounded multiple depending on ǫ, we may assume that m ≥ (1 − ǫ) −1 . Since the statement is local in nature, we may fix z ∈ Z and assume that Z is affine. Then, O X (−aK X ) is basepoint-free. For a general choice of 0 ≤ Γ ∼ −aK X , define B + := Γ a . By construction, B + is a strong (ǫ, a)-complement for (X, 0) over z. Then, by the same argument in the proof of Theorem 5.6, it follows that Z is δ-log canonical, where δ depends on d, ǫ and m.
